The 3- and 5-modular characters of the covering and the automorphism groups of the Higman-Sims group  by Suleiman, Ibrahim A & Wilson, Robert A
JOURNAL OF ALGEBRA 148, 225-242 (1992) 
The 3- and 5-Modular Characters of the Covering and 
the Automorphism Groups of the Higman-Sims Group 
IBRAHIM A. SULEIMAN* AND ROBERT A. WILSON 
School of Mathematics and Statistics, University of Birmingham, 
Birmingham BI5 2TT, England 
Communicated by Gordon James 
Received July 10, 1990 
INTRODUCTION 
The Higman-Sims sporadic simple group denoted by HS was originally 
defined [9] as a rank 3 group of automorphisms of a regular graph on 
100 points, with point stabilizer the Mathieu group M,,. The group was 
independently discovered by G. Higman as a doubly transitive permutation 
group of degree 176 [S]. In 1968, J. Conway discovered a new simple 
group of order 2 *’ .3’. 54. 72. 11 .13 .23 in which many of the sporadic 
simple groups are involved [2]. In particular the Higman-Sims group is 
obtainable as the pointwise stabilizer of a 2-dimensional sublattice of the 
Leech Lattice [2, 3, 61. 
The ordinary characters of the Higman-Sims group and those of its 
automorphism group were calculated by Frame [7], and those of its 
double cover by Rudvalis [ 141. In his Ph. D. thesis, J. Thackray found 
using computer calculations where necessary the p-modular characters of 
HS for p = 2, 3, 5, 7, and 11 [ 171. The p-modular characters for p = 3, 5, 
7, and 11 were also found independently by J. F. Humphreys [lo]. The 
7- and ll-modular characters of the double cover of the Higman-Sims 
group were found by R. Parker [ 121. 
The main purpose of this paper is to find the 3- and 5-modular charac- 
ters for the double covers of the Higman-Sims group and its auto- 
morphism group denoted by 2 . HS and 2 . HS : 2, respectively. 
We calculate the 3-modular characters for 2 . HS and 2 . HS:2 by using 
standard methods of calculating many projective characters and seeing how 
to split them as sums of projective indecomposables. These calculations 
were all done by hand. On the other hand to determine the 5-modular 
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characters of 2 . HS and 2 . HS : 2, we use Parker’s “Meat-Axe” programs, in 
two stages. First, we use the two 28-dimensional representations for 2. HS 
which were constructed in [16] to produce most of the irreducible 
representations of 2 . HS, by tensoring representations and chopping them 
up into irreducible ones. These methods were explained by R. Parker [ 111. 
They are not enough to produce all the 5-modular characters of 2. HS, so 
we also use the method of “condensation,” which will be explained in 
Section II. This allows us to study modules which would be too large to 
investigate with the Meat-Axe alone. We “condense” the permutation 
representation P of 2. HS on 4400 points (the cosets of a subgroup Ag), 
using a subgroup of order 11 as a condensation group. This gives a con- 
densed module of dimension 400, and there is a correspondence between its 
irreducible constituents and the 5-modular constituents of P, which enables 
us to complete the 5-modular character tables of 2 . HS and of 2 HS : 2. 
I. THE ~-MODULAR CHARACTERS FOR 2. HS AND 2. HS:2 
First we use the central characters to split the ordinary characters into 
3-blocks. Two ordinary characters are in the same 3-block if and only if the 
corresponding central characters are congruent modulo 3. (For general 
information about modular representations, ee [S] or [13].) 
Central Characters and Blocks 
Using the ordinary character table of 2. HS [4] we calculate the 
3-modular central characters and deduce that the faithful ordinary characters 
split into eight 3-blocks. The characters 1980,, 1980,, 2304,, 2304,, 2520,, 
and 25206 are of defect zero and form blocks B,, B,, B,, B,, B,, and B,, 
respectively, while the remaining characters fall into two blocks, B, and B, 
of defects 2 and 1, respectively. 
B, = (56, 176,, 176,, 616,, 616,, 1000, 1232,, 1232b, 1792) 
B, = {924,, 924,, 1848). 
The characters in blocks of defect zero are 3-modular irreducible charac- 
ters. We consider next B,. 
LEMMA 1. B, has a decomposition matrix D, given by 
924, 9246 
924, 1 0 
924b 0 1 
1848 1 1 
221 
and the Cartan matrix C, = (: i). The Brauer tree of B, is 
924, 9246 
0 0 
92% 1848 9241, 
This block has two different projective indecomposable characters of degree 
2772 = 924 + 1848. 
Proof. Clear. i 
Now we turn our attention to the block B,. A simple counting argument 
shows that B, contains just five 3-modular irreducible characters. 
Relations on the 3-Regular Classes of 2 . HS 
The ordinary characters in block B, on those 3-regular conjugacy classes 
of HS which split into two classes in 2 . HS (i.e., the classes which have 
some non-zero character values) are shown in Table I. From this table, we 
deduce the following relations which hold on the 3-regular classes: 
(i) 1232, = 56 + 176, + 1000 
(ii) 1232, = 56 + 176, + 1000 
(iii) 1792 = 176, + 616, + 1000 = 176, + 616, + 1000. 
LEMMA 2. The ordinary characters 56, 176,, and 176, of 2 . HS remain 
irreducible on reduction module 3. 
Proof We restrict these characters to two subgroups 2. M,, and 
(2 x U,(5)). 2. Now 56 remains irreducible on restriction to 3-modular 
TABLE I 
The Ordinary Characters in Block B, on 
the Relevant Conjugacy Classes 
Relevant Conjugacy Classes in HS 
2A 4A 5A 5B 5C 7A 8A 10A 11A 11B 20A 20B 
The Ordinary 
Irreducible 
Characters 
ofZ.HS 
in B, 
56 8 0 6 -4 1 00-2 1 1 0 0 
176, 16 16i 1 61 10 1 0 0 i i 
176,, 16-16i 1 61 10 1 0 0 -i --i 
616, 24 16i -9 -4 1 00-l 0 0 i 
616& 24 -16i -9 -4 1 00-l 0 0 -i -: 
1000 -40 0 0 0 0 -10 0 -1 -1 0 0 
1232, -16 16i 7 22 00-l 0 0 i 
1232, -16 -16i 7 2 2 00-l 0 0 --i -f 
1792 0 0 -8 22 00 0 -1 -1 0 0 
228 SULEIMAN AND WILSON 
characters of 2 . M,, . Also 176, restricts to 2. M,, (mod 3) as 56 + 120, 
which implies that 176, could only break up modulo 3 as 56 + 120. Second, 
restricting to (2 x U, (5)). 2 we have 56 = 28, + 28,. and so the classes 2A, 
5A, 5B, 5C, 5D, and 10A in (2x U,(5)) .2 fuse to classes 2A+, 5B+, 
5c+, 5C, and 10A in 2 . HS. Also, 176, restricts to (2 x U, (5)) .2 as 
1 + 21 + 28 + 126,. Therefore 176, cannot break up as 56 + 120, so remains 
irreducible modulo 3. Hence 56, 176,, 176, = 176, are 3-modular 
irreducible characters for 2 HS in block B,. m 
Remark. Equation (iii) implies that 176, + 616, = 176, + 616,. Hence, 
176,~ 616, and 176, < 6166. Therefore (616,- 176,) is a 3-modular 
character of degree 440. This character will turn out to be irreducible. 
At this stage we can write down part of the decomposition matrix DO 
of the block B, as in the first columns of Table II. The two unknown 
characters are X and Y, where X has degree at most 440. 
Projective Characters 
The projective characters were very helpful in completing the decomposi- 
tion matrix D, in Table II. We use the fact that the tensor product of a 
projective character with an ordinary character is again a projective 
character. We find tensor products and then find the constituents in block 
B, of the resulting projective characters. The projective characters can be 
written as sums of some Do-basis elements (i.e., columns of the decomposi- 
tion matrix D,). 
Each of the projective characters 1980,, 1980,, 2520,, 2304,, 
(924, + 1848) and (9246 + 1848) can be tensored with the ordinary charac- 
TABLE II 
The Decomposition Matrix D, with Some Projective Characters 
3-Modular irreducible characters in B, Projective 
(or projective indecomposables) characters 
56 176, 1166 X<440 Y A B C D E F 
56 1 0 
176, 0 1 
176, 0 0 
616, Cl a, 
616, c2 =2 
loo0 c3 a3 
1232, c4 4 
1232, cs a5 
1792 C6 % 
0 
0 
1 
b, 
b, 
b, 
b, 
b, 
be 
0 0 0 0 0 0 0 2 
0 0010011 
0 0100101 
Xl y1 1 2 0 0 1 1 
x2 y2 2 1 0 1 0 1 
X3 y3 0 0 2 1 1 0 
*4 y4 0 1 2 1 2 3 
x5 y, 1 0 2 2 1 3 
X6 y, 2 2 2 2 2 2 
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ter 22 to form new projective characters with the following decompositions 
into ordinary irreducible characters: 
(i) 1980,@ 22 = 1766 + 616, + 2(6166) + 2(924,) + 1232 + 2( 1792) + 
2(1848) + 2( 1980,) + 4( 1980,) + 2(2304,) + 2(2304,) + 2(2520,) + 2(2520,). 
The constituents which are not in the block B, are to be ignored; therefore 
we write 
1980,@22= 1.176,+ 1.616,+2.616,+ 1.1232,+2.1792+ ... 
Similarly: 
(ii) 1980,@22= 1.176,+2.616,+ 1.616,+ 1.1232,+2.1792+ .. . 
(iii) 2520,@22=2.1000+2.1232,+2.1232,+2.1792+ . . 
(iv) (924, + 1848) 022 = 1.176h + 1.616, + 1.1000 + 1.1232, 
+2.1232,+2.1792+ ... 
(v) (924,+ 1848)@22= 1.176,+ 1.616,+ 1.1000+2.1232, 
+ 1.1232, + 2.1792 + . . . . 
Then we put the multiplicities of the constituent characters in 
equations (i), (ii), (iii), (iv), and (v) in columns A, B, C, D, and E to 
represent new projective characters (column F will be obtained later). In 
Lemma 3 we determine all the unknowns a,, bi, xi, and yj (1 <id 6) by 
seeing how the columns A, B, C, D, and E can be written as sums of 
projective indecomposables. 
LEMMA 3. The decomposition matrix D, is as in Table III. 
Proof: We may assume x1 # 0. Now column D cannot contain either of 
the columns 56 or 176,. So D = 176, + (some number of x’s and Y’s). 
Hence b, = 0. Similarly, from column E we obtain a2 = 0, while column A 
TABLE III 
The Decomposition Matrix D, 
56 116, 176, XG440 Y 
56 1 0 0 0 0 
176, 0 I 0 0 0 
176, 0 0 1 0 0 
616, Cl 1 0 1 0 
616, c2 0 1 1 0 
1000 ci 0 0 0 1 
1232, c 4 1 0 0 1 
1232, C5 0 1 0 1 
1792 c 6 1 1 1 1 
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shows that 6,=b,=O, and column B shows that a3=a5=0. ColumnC 
can only contain the column Y; therefore column C is 2Y, which implies 
thaty,=y,=Oandy,=y,=y,=y,=l 
Using all these results we can see that column A must be 176, +X. 
Hence xi = I and x3 = xq = 0. Also column B is 176, + X and so x2 = 1, 
a,=a,=1,a,=6,=1,x,=0,anda,+x,=b,+x,=2.Finally,columnD 
must be 176, + Y, so b, = 1 and therefore xg = 1 and hence a6 = 1. 1 
COROLLARY. (616, + 6 16, + 1792) is a projective character. 
ProoJ This is immediate from column X of the decomposition matrix 
Do in Table III. 
Now tensoring the projective character (616,+ 616, + 1792) with the 
ordinary character 22 we find 
(616, + 616, + 1792)@22 = 2.56 + 1.176, + 1.176, + 1.616, 
+ 1.616,+3.1232,+3.1232,+2.1792+ ... . 
This gives us column F of Table II. 
THEOREM 1. The decomposition matrix for the block B, is as in Table IV 
and the Cartan Matrix is 
31102 
1 4 1 2 2 
TABLE IV 
The Decomposition Matrix D, 
The 3-modular irreducibles of 2. HS in B. 
56 176, 176, 440 loo0 
The ordinary 56 1 0 0 0 0 
characters 176, 0 1 0 0 0 
ofZ.HS 176, 0 0 1 0 0 
in B, 616, 0 1 0 1 0 
616, 0 0 1 1 0 
looa 0 0 0 0 1 
1232, 1 1 0 0 1 
1232, 1 0 1 0 1 
1792 0 1 1 I 1 
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Proof. Using Lemma 3 and relating column F with the projective 
indecomposables in Table III, we find that column F = 2(56) + 176, + 176,. 
This implies that c, = c2 = c3 =O, cq = c5 = 1 and cg =O, and that the 
degrees of X and Y are 440 and 1000, respectively, 1 
This completes the determination of the decomposition matrix of 2 . HS. 
The Decomposition Matrix of 2 HS : 2 
According to ATLAS notation [4], the splitting symbol (:) means that 
the character x of a group G splits into two characters I,, x2 of G.2; and 
the fusion symbol 1 means that two characters x1, x2 of G fuse to give a 
single character x 1,2 in G. 2. 
LEMMA 4. The block B, of 2 . HS gives rise to a block b, of 2. HS :2, 
whose decomposition matrix d,, is as in Table V. 
Proof: Extending 2 . HS to 2 HS :2, we can see that the ordinary 
characters 56, 1000, and 1792 in block B, each split into two characters 
56,, 56,, lOOO,, lOOO,, 1792,, 1792,. The pairs of characters { 176,, 176,}, 
{616,, 616,}, and {1232,, 1232,) fuse to give the characters 352, 1232, 
and 2464, respectively. Looking at the character 1792 in the decomposition 
matrix D,, we can deduce that the modular character 440 can be written 
as (1792 - 176, - 176, - 1000) on 2. HS. Thus this character 440 splits into 
two characters 440, and 440, for 2. HS :2. Without loss of generality we 
can assume that any constituent of a character x, (for x = 1000 and 56) has 
the same subscript CI as xa. Then we may assume that 1792, contains 440,, 
and 1792, contains 440,. 1 
TABLE V 
The Decomposition Matrix d, 
The 3-modular irreducibles of 2. HS .2 in block B, 
56, 56, 352 440, 440, 1000, 1000, 
The ordinary 56, 1 0 0 0 0 0 0 
characters 56, 0 1 0 o 0 0 0 
of2.HS:2 352 0 0 1 0 0 0 0 
in B0 1232 0 0 1 1 1 0 0 
1000, 0 0 0 0 0 1 0 
1000, 0 0 0 0 0 0 1 
2464 1 1 1 0 0 1 1 
1792, 0 0 1 1 0 1 0 
1792, 0 0 1 0 1 0 1 
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Remark. The pairs (924,, 924,,), (1980,, 1980,), and (2304,, 2304,) 
fuse to the characters 1848, 3960, and 4608, respectively. 
From the decomposition matrices given above we easily deduce the 
following theorem: 
THEOREM 2. Table VI gives the faithful 3-modular characters of 2. HS 
and 2. HS:2 in ATLAS notation [4]. 
II. THE ~-MODULAR CHARACTERS FOR 2.HS 
To find the 5-modular representations of 2. HS, we start with two 
generators of 2. HS over the field GF, of order 5 which were constructed 
in [16]. The general method here is to use the Meat-Axe to obtain new 
irreducible representations as constituents of tensor products of old ones. 
Together with this procedure we use the technique of condensation which 
will be explained later. 
Using the ordinary character table of 2. HS [4] we calculate the 
5-modular central characters. The lOOO-dimensional representation lies in a 
block of defect zero. Hence 1000 is an irreducible 5-modular character for 
2 . HS. All the other 17 ordinary characters fall into one block B,. 
We start with the 28-dimensional representation denoted by 28,, and 
its dual representation called 28,. By computer we find the following 
irreducible constituents: 
(i) 28,@28,=280+2(98)+2(21)+2(133). 
(ii) 21@21=1+55+175+210. 
(Note that all the constituents in (i) and (ii) are representations of the 
simple group HS.) 
Next we show that: 
(iii) 28,O 21= 28, + 120, + 440, 
(iv) 28,021 =28,+ 120,+440, 
(v) 28,O 55 = 2(28,) + l(28,) + 2(440,) + 456, 
(vi) 28,O 55 = 2(28,) + l(28,) + 2(440,) + 456,. 
The last four equations define six more irreducible 5-modular characters 
of dimensions 120, 440, and 456. Using the program SB (standard base) of 
the Meat-Axe, we can prove that these six representations are all 
inequivalent. 
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Condensation 
As our implementation of the Meat-Axe has an effective limit of around 
2000 dimensions over GF,, we can proceed no further with a direct attack. 
Therefore, as we still have to find two more 5-modular irreducible charac- 
ters for 2. HS, we use another method, namely condensation of the 
permutation representation of 2 . HS on 4400 points. First we summarise 
the theoretical basis for this calculation (see [ 15, 181). 
Let G be a group, and let V be a kG-module, where k is assumed to be 
a finite field of characteristic p. Let H be a subgroup such that p does not 
divide 1 H 1. Define the idempotent e = (l/l H ( ) Chc H h of kG. Then e . kG . e 
is a sub-algebra of kG known as a Hecke Algebra. 
From any kG-module V, we obtain an e . kG . e-module Ve. We say that 
T/e is condensed from V since Ve consists of the fixed points of the action 
of H on V. In this way we obtain a condensed module Ve such that 
dim Vezdim V/lHj. 
Accordingly, it should be much easier to apply the Meat-Axe to Ve 
rather than to V. Moreover, any information about V’e which we obtain 
with the Meat-Axe gives rise to information about V, via the following 
proposition, which gives a correspondence relation between irreducibles in 
V and those in Ve. 
PROPOSITION 1. If x,, x2, . . . . xr are the irreducible constituents of the 
module V, then the irreducible constituents of Ve are the non-zero members 
of the set {Xle, Xze, . . . . x,e}. 
Remark. If gi (i= 1, 2, . ...) are generators for G, then e ‘gi. e are not 
necessarily generators for e. kG . e. This means that, in practice, we do 
not know if we have enough generators for the Hecke algebra. So the 
condensed module T/e may break up too much, and we only obtain lower 
bounds for degrees of irreducible representations. 
In our case we are going to study the permutation representation of 
2 . HS on 4400 points. This can be obtained by taking a presentation of 
2. HS and enumerating cosets of a subgroup A, of index 4400. To do this 
we took Norton’s presentation for HS [personal communication], 
HS E (S,, a 1 a2 = [( 12345)(78), a] = ( 14)(23)(a(56))2 
= (a(67))5 = (a(678))’ = 1) 
and adjoined a central involution z. We used trial and error to determine 
which relators to equate to z and which to 1, and obtained the following 
presentation for 2 HS: 
~-AND 5-MODULARCHARACTERS 235 
(a, b, c, d, e,f, g, h, zI (bc)3 = (~d)~ = (de)3 = (ef)3 = (fg)3 = (gh)3 =z, 
(bd)* = (be)* = (bf)2 = (bg)* = (bh)* = (ce)’ = 1, 
(cf)‘= (cg)2 = (Ch)2 = (df)2 = (dg)2 = (dh)2 = 1, 
(eg)2 = (eh)*= (fh)2 = 1, 
az = za, bz = zb, cz = zc, dz = zd, ez = ze, 
fz = zf, gz = zg, hz = zh, 
~'=~*=~*=d2=e2=f2=g2=h2=~, 
(UC)’ = (abc)’ = 1, uherKh. a = z, 
hgl.gadad=z,z2= 1). 
We take the subgroup 
(zbc, zbd, zbe, zbf, zbg, zbh ) g A,. 
Using L. H. Soicher’s coset enumeration program we were able to find the 
permutation representation P of 2 . HS on 4400 points. 
Table VII gives the values on all the conjugacy classes of 2 . HS of the 
character of P. The classes are given in ATLAS order. Where two values 
are given in the table, the top value corresponds to the top conjugacy class 
and the bottom value corresponds to the bottom conjugacy class. This 
character decomposes as the sum of ordinary irreducible characters of HS 
and 2.HS as 
1 +22+ 154,+ 154,+ 154,.+ 175+693+770+ 176,+176,+924,+924,. 
This ordinary character can be written as a sum of 5-modular characters 
as 
6(1)+7(21)+2(28,)+2(28,)+4(55)+4(98)+ 1(120,)+ l(120,) 
+ 1(175)+2(133,)+2(133,)+ 1(210)+ 1(518)+ 1(924,)+ l(924,) 
TABLE VII 
Conjugacy 124344455 5 12 6 I 
classes 2 2 6 4 10 10 10 12 6 14 
Character 4400 160 0 44 0 32 16 0 40 0 0 4 4 
values 0 80 0 0 0 0 0 8 4 
Conjugacy 8 8 8 10 20 11 11 12 15 20 20 
classes (cont.) 8 10 22 22 12 30 20 20 
Character 00000000400 
values (cont.) 0 0 0 0 0 0 4 0 0 
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in which everything is irreducible except that the 924’s may possibly break 
up further. 
We condense this permutation representation P over a subgroup H of 
order 11. The condensed module A4 has dimension 400. Now every sub- 
quotient of P corresponds to a subquotient of AY, and each of the 
irreducibles in M is the fixed space of the 1 l-element in a corresponding 5- 
modular irreducible of 2. HS. The dimensions of these fixed spaces in the 
non-faithful representations can be easily calculated from the 5-modular 
character table of HS. In the cases of the 28- and 120-dimensional represen- 
tations they can be calculated explicitly with the Meat-Axe. 
This 400-dimensional representation of the Hecke algebra (see [ 151) was 
chopped up using the Meat-Axe to obtain the following irreducible 
constituents: 
400=13(l)+ 3(3,)+3(3,)+4(5)+4(8)+2(10,)+2(10,)+ l(15) 
+2(13.)+2(13,)+ 1(20)+ 1(48)+ 1(71,)+1(71,). 
It is now easy to write the correspondence with the irreducibles in P, as in 
Table VIII. 
Now the fixed space of the 1 l-element in 924 has dimension 84 and 
breaks up as 3 + 10 + 71 for our generators. (Remember that it need not 
break up as much as this under the whole Hecke algebra.) We proved by 
using the fingerprint test (see [ 111) that the two 71-dimensional irreducible 
representations are different. Therefore by using the correspondence 
between the irreducible constituents of the 400-dimensional condensed 
module and the 5-modular characters as constituents of P (Table VIII), we 
can deduce that there are two 5-modular irreducible characters of 2 . HS in 
924, and 924,, each of degree at least 776 (= 924 - 28 - 120). We will 
show later that the degrees are indeed 776, after calculating the character 
values. 
Calculating Character Values 
LEMMA 5. The ordinary characters 176, and 1766 can be written as 
176, = 28, + 286 + 120, (mod 5) 
176, = 28, + 286 + 120, (mod 5). 
TABLE VIII 
Permutation 
representation P 1 21 28 55 98 120 133 175 210 518 ?? 
400-dimensional 
condensed module M 1 1 3 5 8 10 13 15 20 48 71 
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ProojY By computer we find words in our generators of 2. HS giving 
particular elements 5,) cZ, ix, and c4 of orders 4, 12, 8, and 12, respectively. 
We then work out the character values of 28, on cl, 12, 13, and c4. These 
values can be obtained for an element of order n by factorizing the polyno- 
mial xn - 1 over GF,. (For example, for an element of order 4, the polyno- 
mial x4 - 1 can be factorized over GF, as (x- 1)(x-2)(x - 3)(x-4). 
Then the nullity of the factor x--c(~ will give the number of times (say ni) 
that the root of unity cli is an eigenvalue of x in this representation. If fl; 
is the complex root of unity corresponding to c(,, then the value of the 
character on that element will be Cin,fl,.) 
Now the only way to make 176 as a sum of degrees of irreducibles is 
as 28 + 28 + 120. Then from the value on the elements of order 4 the 
ordinary character 176, can be written without loss of generality as 
176, = 28, + 28, + 129,; and hence also 176, = 28, + 28, + 120,. m 
(Note that this in a sense distinguishes between class 4A + and class 
4A ~-.) 
Now we can write down all the character values of 120,, since 120, is 
equal to the generalised ordinary character 176, - 56. Then we use the 
same words which give the elements [, , c2, c3, and c4 to calculate the 
character values of 440,, 440,, 456, and 456, on classes 4A *, 8A *, 6A *, 
and 12A ‘. We obtain most of the character values as shown in Table IX. 
The character values in Table IX were obtained by first working out the 
character values of cl, i2, [x and c4, on 120, to show that they are in 
classes 4A -, 8A *, 6A -, and 12A+ respectively. This enables us to work 
out the character values of 28,, 28,,, 440,, 440,, 456,, and 456, with some 
TABLE IX 
Some Character Values 
Some of the 5-regular classes of 2. HS 
1 
^ 
L 
4 12 8 11A 
4 12 8 22 
5-modular 
irreducible 
characters 
ofZ.HS 
28, -8i -3i *2i 
‘28,x f8i +3i f2i 
120, +16i +3i 0 
1 206 -16i -3i 0 
40, + 32i f3i 0 
440, -32i -3i 0 
456, 0 +3i 0 
456, 0 -3i 0 
1lB 
22 
12 
12 
-h,, or -hT,* 
-h:,* or -h II 
-1 
-1 
0 
0 
h,, or h:,* 
b:,* or h II 
-b:,* or -h 
-h,, or -6::: 
-1 
-1 
0 
0 
b;,* orb 
b,, or by:: 
-i 
+i 
-i 
+i 
+i 
-i 
+3i 
-3i 
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ambiguities for 28- and 456-dimensional representations on the conjugacy 
classes 8A’, llA, and IlB. 
LEMMA 6. The ordinary characters 616, and 616, can be written as 
616, = 28, + 28, + 120, + 440, (mod 5) 
616, = 28, + 28, + 120, + 440, (mod 5). 
Proof: 220 56 = 616, -t 616, as ordinary characters. Now reducing 
mod 5 and using the relations (iii) and (iv), given at the beginning of this 
section, we have 
(21 + 1) 0 (28, + 28,) = 2(28,) + 2(28/J + 120, + 120, + 440, + 440~. 
So 616 = 28 + 28 + 120+440. From Table IX we can see-according to 
classes 4A, 6A-that the two 28’s must be 28,, 28,. Looking at the charac- 
ter values on classes 4A, 6A, and 12A we deduce the result. 1 
LEMMA 7. The ordinary characters 1980, and 19806 can be written as 
1980, = 28, + 2(28,) + 120, + 2(440,) + 4406 + 456, (mod 5) 
1980, = 28, + 2(28,) + 120, + 2(440,) + 440, + 456, (mod 5). 
Proof: These results can be shown easily using the known character 
values on the 28-, 120-, 440-, and 456-dimensional representations in 
Table IX. 1 
Using Lemmas 6 and 7 we can resolve all the ambiguities for the charac- 
ter values of the 28-, 120-, 440-, and 456-dimensional representations of 
2 . HS on all the relevant classes (see Table X). 
LEMMA 8. The ordinary characters 1792 and 1848 break down as 
5-modular characters as follows: 
1792 = 440, + 440, + 456, + 456, (mod 5) 
1848 = 28, + 28, + 440, + 440, + 456, + 456, (mod 5). 
Proof This is proved by comparing the character values for 1792 and 
1848 on the 5-regular classes with the character values from Table X. 1 
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TABLE X 
The 5-Modular Faithful Characters of 2. HS 
@ @ @ @ @ @ (? @ @ @ @ @ @ @ @ @ 
7 2 3 
44352000 680 880 360 840 256 64 36 24 7 16 16 16 11 11 12 
p power A A A A A A AB AA A B C C A A BA 
p’ part A A A A A A AB AA A A A A A A AA 
ind 1A 2A 2.B 3A 4A 48 4C 6A 68 7A 8A 8B 8C 11A B** 12A 
1 2 4 3 4 4 4 12 6 7 8 8 8 11 11 12 
2 2 6 4 12 6 14 8 22 22 12 
0 28 4 0 l-Si 0 0-3i 1 0 2i 0 O-b11 l * -i 
0 28 4 0 1 8i 0 0 3i 1 0-2i 0 0 *O-b11 i 
0 120 8 0 3 16i 0 0 3i -1 1 0 0 0 -1 -1 -i 
0 120 8 0 3-16i 0 0 -3i -1 1 0 0 0 -1 -1 i 
0 440 8 0 -1 32i 0 0 3i -1 -1 0 0 0 0 0 i 
0 440 8 0 -l-32i 0 0 -3i -1 -1 0 0 0 0 0 -i 
0 456 -8 0 -3 0 0 0 3i 1 1 0 0 0 bll l * 3i 
0 456 -8 0 -3 0 0 0-3i 1 1 0 0 0 l *bll -3i 
0 776 -8 0 2 16i 0 0 0 -2 -1 0 0 0 l *-bll 2i 
0 776 -8 0 2-16i 0 0 0 -2 -1 0 0 O-b11 *I -21 
- 1000 -40 0 10 0 0 0 0 2 -1 0 0 0 -1 -1 0 
Finally we must resolve the ambiguity in the degrees, left over from the 
previous section. 
LEMMA 9. (924, - 28, - 120,) is a Smodular character. 
Proof: From Table X and the ordinary character table we obtain the 
following relation on the Sregular classes of 2 . HS, 
28,+ 120,+456,+924,+ 1232,=28,+ 120,,+456,+924,+ 1232, 
Here the characters of degree 28, 120, and 456 are 5-modular irreducibles, 
while those of degree 924 and 1232 are ordinary irreducibles. Either of the 
two ordinary characters of degree 1232 restricts to 2. M,, (mod 5) as 
126, -I- 126, + 210 + 330 + 440. 
Therefore 28, is not a constituent of 1232, and 120, is also not 
a constituent of 1232,. Thus 28, ~924, and 120, < 924,. Hence 
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924, - 120, - 28, is a 5-modular character of degree 776, and similarly so 
is 924, - 120, - 28,. We have already shown that 776 is a lower bound for 
the degree of the remaining irreducible characters, and therefore these 
characters are irreducible. 1 
We have now proved the following theorem: 
THEOREM 3. Table X represents the faithful 5-modular character table of 
2. HS in ATLAS notation [4]. 
LEMMA 10. The ordinary characters 1232,, 1232,, 2304,, 2304,, 2520,, 
and 2520, break down as 5-modular characters as follows; 
1232, = 456/, + 776, (mod 5) 
1232, = 456, + 776/, (mod 5) 
2304, = 28, + 28, + 456, + 456, + 440, + 776, + 120, (mod 5) 
2304,=28,+28,+456,+456,+440,+776,+ 120, (mod 5) 
2520,=2520,=28,+281,+456,+456,+776,+776, (mod 5). 
Proof: This is proved immediately by comparing the character values of 
all the irreducible characters shown in Table X with the values of the 
ordinary characters on the 5-regular classes. 1 
TABLE XI 
The Decomposition Matrix for Block B, of 2. HS 
28, 28,, 120, 120, 440, 440, 456, 456, 776, 776, 
56 1 1 0 0 0 0 0 0 0 0 
176, 1 1 1 0 0 0 0 0 0 0 
176, 1 1 0 1 0 0 0 0 0 0 
616, 1 1 0 1 1 0 0 0 0 0 
616, 1 1 1 0 0 1 0 0 0 0 
924, 1 0 1 0 0 0 0 0 1 0 
924,, 0 1 0 1 0 0 0 0 0 1 
1232, 0 0 0 0 0 0 0 1 1 0 
1232* 0 0 0 0 0 0 1 0 0 1 
1792 0 0 0 0 1 1 1 1 0 0 
1848 1 1 0 0 1 1 1 1 0 0 
1980, 1 2 0 1 2 1 0 1 0 0 
1980, 2 1 1 0 1 2 1 0 0 0 
2304, 1 1 0 0 0 1 1 1 1 0 
2304, 1 1 0 0 1 0 1 1 0 1 
2520, 1 1 0 0 0 0 1 1 1 1 
2520, 1 1 0 0 0 0 1 1 1 1 
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The Decomposition Matrix of 2 .HS 
Using Table X and the results of all the previous lemmas we can write 
down the decomposition matrix of 2 . HS for block B,, as in Table XI. The 
Cartan Matrix is 
16 14 5 3 7 8 7 6 4 3 
14 16 3 5 8 7 6 7 3 4 
5 340131010 
3 504310101 
7 813964501 
8 731695410’ 
7 610458634 
6 701546843 
4 310013452 
3 401104325 
The 5-Modular Characters of 2 . HS : 2 
The pairs (28,, 28,), (120,, 120,), (440,, 440,) (456,, 456,), and 
(776,, 776,) fuse to characters of degrees 56, 240, 880, 912, and 1552, 
respectively. The character values on all the classes of 2 . HS: 2\2 . HS are 
zeros. The only character which splits into two characters is 1000. The 
character values on all the classes for this character in 2 . HS : 2 (mod 5) are 
the same as the character values on the 5-regular classes in the ordinary 
character table of 2. HS :2 [4]. 
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